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We theoretically investigate the quantum dynamics of the center of mass of trapped atoms, whose internal
degrees of freedom are driven in a L-shaped configuration with the lasers tuned at two-photon resonance. In
the Lamb-Dicke regime, when the motional wave packet is well localized over the laser wavelength, transient
coherent population trapping occurs, canceling transitions at the laser frequency. In this limit the motion can be
efficiently cooled to the ground state of the trapping potential. We derive an equation for the center-of-mass
motion by adiabatically eliminating the internal degrees of freedom. This treatment provides the theoretical
background of the scheme presented in @G. Morigi et al., Phys. Rev. Lett. 85, 4458 ~2000!# and implemented
in @C.F. Roos et al., Phys. Rev. Lett. 85, 5547 ~2000!#. We discuss the physical mechanisms determining the
dynamics and identify parameters regimes, where cooling is efficient. We discuss implementations of the
scheme to cases where the trapping potential is not harmonic.
DOI: 10.1103/PhysRevA.67.033402 PACS number~s!: 32.80.Pj, 42.50.Gy, 42.50.VkI. INTRODUCTION
The progress in laser cooling of atoms and ions has set the
stage for coherent control of the dynamics of quantum-
mechanical systems @1#. By means of laser cooling, states of
the center-of-mass motion of trapped atoms with high purity
have been prepared @1–4#, allowing, for instance, for their
coherent manipulation for quantum information processing
@5#. Nevertheless, there is a continuous interest for new and
efficient cooling methods, which solve experimental difficul-
ties and increase the efficiency of the process. In this context,
a laser-cooling scheme for trapped atoms has been recently
proposed @6#, which exploits the principles of coherent popu-
lation trapping ~CPT! @7# and allows to achieve almost unit
probability of occupation of the trapping-potential ground
state @6,8#. This method has been demonstrated to be an al-
ternative to sideband @2# and Raman-sideband cooling @3,4#,
routinely used for the preparation of very pure states of the
center-of-mass motion of trapped atoms and ions. Further
applications of this cooling method ~now labeled as ‘‘EIT
cooling’’! have been discussed in several publications @9,10#.
The focus of this work is to discuss theoretically the
physical principles on which this method is based, and par-
ticularly the role of quantum coherence between atomic
states on the mechanical effects of light on trapped atoms.
Thus, in Sec. II we introduce the electronic level scheme
composed of two stable or metastable states coupled by la-
sers to a common excited state, the L configuration, and
discuss in general CPT when the transitions are driven by
counterpropagating laser beams ~the Doppler-sensitive case!.
Here, we observe that, in the presence of an external poten-
tial confining the center-of-mass motion, ~transient! CPT is
obtained when the lasers are set at two-photon resonance and
the wave packet is well localized over the laser wavelength
~the Lamb-Dicke regime!. In Sec. III, starting from a general
approach we develop the theoretical model, assuming that
the atomic center of mass is confined by an external potential
in the Lamb-Dicke regime: This allows one to adiabatically
eliminate the internal degrees of freedom and derive an equa-
tion for the external degrees of freedom only @11#. We dis-1050-2947/2003/67~3!/033402~9!/$20.00 67 0334cuss this equation in detail when the potential is harmonic,
and derive a set of rate equations for the occupation of the
vibrational states. Thereby, we identify the parameter regime
where cooling is effective. In some limits, these equations
reduce to the ones used in Refs. @6,8,9#. Nevertheless, a re-
sult of this paper is the identification of the basic mechanism
characterizing the dynamics, which allows us to determine
parameter regimes where cooling can be efficient. We dis-
cuss the limit of the validity of the equations derived, give
alternative interpretations of the dynamics, and consider pos-
sible extensions of the method to cases where the center of
mass is confined by a potential that is not necessarily har-
monic and whose functional form may depend on the elec-
tronic state.
We remark that the laser-cooling dynamics of trapped at-
oms, whose internal transitions are driven in a L configura-
tion, have been investigated in several works, as for instance
in Refs. @12–15#. These, however, focused on different cool-
ing mechanisms. This work, together with Ref. @6#, extends
these previous analyses to other regimes, characterized by
novel features of the center-of-mass dynamics, as we discuss
below.
II. THE DARK RESONANCE AND THE MOTION
In this section, we first discuss the internal dynamics and
steady state of an atom whose electronic bound states are
driven by lasers in a resulting L configuration. We focus on
the conditions for which CPT occurs. Then, we consider the
center-of-mass degrees of freedom and discuss under which
conditions the features characterizing the bare internal dy-
namics are preserved, when the motion is taken into account.
The discussion in this section and throughout the paper is
restricted to motion in one dimension, identified here with
the xˆ axis. This allows a simpler exposition without loss of
generality.
A. The dark resonance
An exemplary atomic level configuration where the ef-
fects of quantum interference manifest is the L transition. It©2003 The American Physical Society02-1
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or metastable states that we label ug1&, ug2&, which are
coupled by lasers to the same excited state ue&. For a closed
transition, the atom stops to fluoresce when the states ug1&
and ug2& are resonantly coupled ~two-photon resonance!, as
shown in Fig. 1~a!: The system evolves into the dark state, a
stable atomic-states superposition that is decoupled from the
excited state because of destructive interference between the
excitation amplitudes. This phenomenon is called coherent
population trapping @7#, and the atoms are found in the co-
herence ~dark state!
uCD&5
1
V
~V2ug1&2V1ug2&), ~1!
where V5AV121V22 and V1 (V2) is the Rabi frequency of
the laser coupling to the transition ug1&→ue& (ug2&→ue&).
Here, without loss of generality, we have assumed V1 , V2 to
be real. The dark state is accessed by spontaneous emission,
unless the system has been initially prepared in it. Thus, the
density matrix rD5uCD&^CDu is the steady-state solution of
the master equation for the atomic density matrix r: ]r/]t
5L0r , where L0 is the Liouvillian defined as
L0r5
1
i\ @H ,r#1Kr . ~2!
Here, H5H01V0 is the Hamilton operator, and its terms
have the form ~in the rotating wave approximation and in the
frame rotating at the laser frequencies!
H052\D~ ug1&^g1u1ug2&^g2u!, ~3!
V05
\
2 ~V1ue&^g1u1V2ue&^g2u1H.c.!, ~4!
where D5v12vL,15v22vL,2 are the laser detunings, with
the atomic resonance frequencies v j of the transition ug j&
→ue& and the frequencies of the corresponding driving laser
vL, j ( j51,2). The operator K is the Liouvillian describing
spontaneous emission,
FIG. 1. ~a! Level scheme: The solid arrows represent the lasers
at Rabi frequencies V1 , V2, that couple to the transitions ug1&
→ue&, ug2&→ue&, respectively, and are detuned of D from atomic
resonance. ~b! Addition of a probe at Rabi frequency VP and de-
tuning DP , coupling ug1&→ue&.03340Kr52 g2 @ ue&^eur1rue&^eu#1 (j51,2 g jug j&^eurue&^g ju,
~5!
where g1 , g2 are the rates of decay into ug1&, ug2&, respec-
tively, and g11g25g . It can be easily verified that the dark
state is a dressed state of the system, i.e. an eigenstate of H.
The other two dressed states read @16#
uc1&5cos uue&1sin uucC& , ~6!
uc2&5sin uue&2cos uucC& , ~7!
where
tan u5
AD21V22D
V
, ~8!
ucC&5
1
V
~V1ug1&1V2ug2&), ~9!
and where we have introduced the state ucC&, orthogonal to
ue& and ucD& . The states ~6! and ~7! are at eigenfrequencies
dv65(D7AD21V2)/2, and since they possess a nonzero
overlap with the excited state ue&, they have a finite decay
rate and are populated in the transient dynamics. We denote
their linewidths with g1 , g2 . The steady state is accessed at
the slowest rate of decay and, for later convenience, we in-
troduce T0, the time scale corresponding to the inverse of
this rate.
The dressed-state picture is a useful tool for interpreting
the atomic spectra in a pump-probe experiment, where, e.g.,
a weak probe at Rabi frequency VP (VP!V1 ,V2) couples
to the transition ug1&→ue& as shown in Fig. 1~b!, while its
frequency is let sweep across the atomic resonance. Figure 2
shows the spectrum of excitation as a function of the detun-
ing of the probe DP , for a certain choice of the lasers param-
eters. Here, one can observe that the component of the spec-
trum at DP5D is zero, corresponding to the situation where
the system is in the dark state uCD&. Moreover, the spectrum
exhibits two resonances centered at DP5dv6 , whose
widths correspond approximately ~when uDu,V@g) to g1 ,
g2 , respectively, and can be identified with the dressed
FIG. 2. Excitation spectrum I(DP) in arbitrary units as a func-
tion of the probe detuning DP in units of g . Here, V5g , D
52.5g , VP50.05g .2-2
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a Lorentzian shape: The spectrum shares in fact many simi-
larities with a Fano profile @17#. Typical excitation spectra,
measured with a single ion in a trap, are reported in Refs.
@18,19#.
B. The motion
We consider now the center-of-mass motion in the pres-
ence of a conservative potential, of which for the moment,
the form is not specified. Given the mass of the atom m, the
momentum p, the position x, and the potential U(x), the
mechanical Hamiltonian is
Hmec5
p2
2m 1U~x !. ~10!
We denote with uce& the eigenvectors of Hmec at the eigen-
values e . The full dynamics are now described by the Master
equation
]
]t
r˜5
1
i\ @H
˜ ,r˜ #1K˜ r˜5L˜ r˜ , ~11!
where r˜ is the density matrix for the internal and external
degrees of freedom and
H˜ 5H˜ 01Hmec1V˜ . ~12!
Here, V˜ describes the coherent interaction of the atomic di-
pole with the lasers, and has the form
V˜ 5
\
2 ~V1exp~ik1x cos f1!ue&^g1u
1V2exp~ik2x cos f2!ue&^g2u1H.c.!, ~13!
where the lasers are traveling waves at wave vectors k1 and
k2, propagating along the directions forming the angles f1 ,
f2, respectively, with the xˆ axis. In Eq. ~13! the spatial de-
pendence is explicitly included, which couples to the exter-
nal degrees of freedom of the ion, while the Rabi frequencies
V1 , V2 are assumed to be constant over the spatial region
where the ion is localized. The Liouvillian K˜ describes the
incoherent scattering processes, whereby a photon is sponta-
neously emitted under an angle f with the axis of the mo-
tion. It has the form
K˜ r˜52 g2 @ ue&^eur˜1r˜ ue&^eu#
1 (j51,2 g jE21
1
d cos fN~cos f!ug j&
3^eu@exp~ ik jx cos f!r˜ exp~2ik jx cos f!#ue&^g ju,
~14!
where N(cos f) is the probability distribution for the angles
of photon emission with respect to the motional axis.03340In this system, at a given instant of time perfect destruc-
tive interference between excitation amplitudes occurs for
the state
uC˜ D&5
1
V
~V2ug1 ,C&
2V1exp@ i(k1cos f12k2cos f2)x#ug2 ,C&), ~15!
where exp@i(k1 cos f12k2 cos f2)x# is the displacement op-
erator, acting on the external degrees of freedom, and C is a
state of the center-of-mass motion. The state ~15! is stable—
and thus a dark state—if it is an eigenstate of H01Hmec .
This is always true when the lasers are copropagating and
k1cos f15k2 cos f2 @or, for one-dimensional ~1D! motion as
in this case, when the direction of propagation of the lasers is
orthogonal to the axis of the motion, cos f15cos f250]:
Then, the motional state factorizes out in Eq. ~15!. For
k1 cos f1Þk2 cos f2, on the contrary, one must consider the
particular form of the confining potential. For instance, for
free atoms @U(x)5const# a perfect dark state exists for
k1 cos f152k2 cos f25k and reads uC˜ D&5(V2ug1 ,2\k&
2V1ug2 ,\k&)/V . This property has been used to prepare
very cold atomic samples @20#. In the presence of a confining
potential, on the other hand, there exists, in general, no state
uC˜ D& that is perfectly dark. Approximate dark states have
been discussed in Ref. @15# for a 1D flat bottom and for a 2D
harmonic trap.
Nevertheless, transient CPT can be observed in trapping
potentials and in Doppler-sensitive configurations when the
atoms are in the Lamb-Dicke regime ~LDR!, i.e., when the
size of their motional wave packet A^Dx2& is much smaller
than the wavelength of the light, k1,2A^Dx2&!1. In this
limit, a hierarchy of processes in the excitation of the center-
of-mass wave packet is established. At zero order in z
5k1,2A^Dx2& , the effects due to the spatial gradient of the
light-atom potential are neglected: the atoms behave as if
they were pointlike, and the coherent transitions take place at
the laser frequency ~carrier!. Then, after the transient time T0
the atoms have accessed the internal dark state uCD&. At first
order in z , effects due to the finite size of the motional wave
packet become manifest, and transitions between different
motional states ~sidebands transitions! occur. On this longer
time scale, which we denote with Tz , the atom is optically
pumped out of the dark state into another state of the motion.
In the Lamb-Dicke regime, the relation Tz@T0 allows for a
coarse-grained description of the dynamics, where the inter-
nal state of the atom is assumed to be always the dark state
uCD&.
These arguments suggest that for a trapped atom in the
LDR, some of the properties of the excitation spectrum dis-
cussed for the Doppler-free case may also be applicable to
the Doppler-sensitive one. Here, the carrier transition is pre-
dominant, whereas transitions which change the state of the
motion ~sidebands transitions! are of higher order in the
Lamb-Dicke parameter, and can be interpreted as transitions
due to a probe (VP) set at the corresponding frequency in the
bare atom, as illustrated for instance in Fig. 1~b!. In the fol-
lowing section, we show that this interpretation is theoreti-
cally justified.2-3
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Here, we derive the equations for the center-of-mass mo-
tion in the limit where the LDR applies and when the center-
of-mass motion is confined by the same potential at all three
electronic levels. The procedure consists in adiabatically
eliminating the internal degrees of freedom from the dynami-
cal equation at second order in the parameter z , and it cor-
responds to analyzing the coarse-grained evolution on the
time interval Dt such that Tz@Dt@T0. The formalism we
use has been first developed in Ref. @11# for a two-level
transition driven by a running wave, and later applied to
standing-wave drives and multilevel transitions in Ref. @21#.
In the following, we outline the fundamental steps that are
most general to all treatments, and refer the reader to Ref.
@11,21# for details ~we have used the same notation as in Ref.
@21# when possible!.
A. Lamb-Dicke limit
In the Lamb-Dicke limit z!1, the operators exp(ik jx)
appearing in Eqs. ~13! ~14! can be expanded in powers of z .
At second order in this expansion, Eq. ~11! can be rewritten
as
]
]t
r˜5@L˜ 01L˜ 11L˜ 2#r˜ , ~16!
where the Liouvillians L˜ j describe processes at the j th order
in the Lamb-Dicke parameter, and are defined as
L˜ 0r˜5L0r˜1
1
i\ @Hmec ,r
˜ # , ~17!
L˜ 1r˜5
1
i\ @xV1 ,r
˜ # , ~18!
L˜ 2r˜5
1
i\ @x
2V2 ,r˜ #1K˜ 2r˜ . ~19!
Here, V1 , V2 are the first- and second-order terms in the
expansion of V˜ and read
V15
i\
2 (j51,2 k j cos f jV j~ ue&^g ju2ug j&^eu!, ~20!
V252
\
4 (j51,2 k j
2 cos2f jV j~ ue&^g ju1ug j&^eu!. ~21!
The Liouvillian K˜ 2 has the form
K˜ 2r˜5a (j51,2 g jk j
2ug j&^eu~2xr˜x2x2r˜2r˜x2!ue&^g ju,
~22!
where a5*21
1 d cos fN(cos f)cos2f.
At zero order in z , the internal and external degrees of
freedom are decoupled: The state r˜ St , solution of L˜ 0r˜50, is
not uniquely defined, and has the form r˜ St5rSt^ m(0),03340where rSt5rD is the internal steady state and m(0)
5Trint$P0r˜ (0)% is the reduced density matrix, calculated
from r˜ at t50 by tracing over the internal degrees of free-
dom (Trint$%) and applying the projector P0 acting over the
external degrees of freedom. The latter is defined as P0r˜
5(e(ce ,ce8
8 uce&^ce8u^ceur˜ uce8& , where uce&, uce8& are eigen-
states of Hmec at e . In general, at zero order, equation ] tr˜
5L˜ 0r˜ admits an infinite number of stable solutions. They
can be expanded in the basis of eigenvectors r˜ e ,e85rSt
^ uce&^ce8u at the ~imaginary! eigenvalues le ,e8
52i(e2e8)/\ of the Liouville operator L˜ 0, satisfying the
secular equation L˜ 0r˜ e ,e85le ,e8r˜ e ,e8 (r˜ St is eigenvector at
l50). The eigenspaces at the eigenvalues le ,e8 may be also
infinitely degenerate, as it occurs, for instance, in the har-
monic oscillator. For zÞ0, these subspaces are coupled by
L˜ 1 , L˜ 2. At second-order perturbation theory in z , for z jV j
!mine,e8Þe(ue2e8u) ~i.e., when the spectum of L˜ 0 is suffi-
ciently spaced, to allow for nondegenerate perturbation
theory!, a closed equation for the dynamics in the subspace
at l50 can be derived. Denoting with P˜ 0 the projector onto
this subspace, defined as P˜ 0r˜5rSt^ Trint$P0r˜ %, this equation
has the form @11#
d
dtP˜ 0r˜ ~ t !5FP˜ 0L˜ 2P˜ 01E0‘dtP˜ 0L˜ 1eL˜ 0tL˜ 1P˜ 0Gr˜ ~ t !.
~23!
After substituting the explicit form of L˜ 1 ,L˜ 2 in the second
term on the right-hand side of Eq. ~23! and tracing over the
internal degrees of freedom, we obtain
d
dt m52P0
1
\2
E
0
‘
dt~Trint$V1exp~L0t!V1rSt%@xˆ ,@xˆ ~t!,m##
1Trint$V1eL0t @V1 ,rSt#%@xˆ ,mxˆ ~t!#). ~24!
Here, the matrix m5Trint$P0r˜ % is the reduced density matrix
for the external degrees of freedom in the subspace at eigen-
value ~at zero order! l50. The operator xˆ (t) is here defined
as xˆ (t)5exp(2iHmect/\)xˆ exp(iHmect/\).
It is remarkable that the term P˜ 0L˜ 2P˜ 050. This result is
explained by looking at the form of Eq. ~19!. When tracing
over the internal degrees of freedom, the first term in Eq.
~19! gives rise to a contribution proportional to Trint$V2rSt%:
This term usually gives rise to a shift to the eigenvalues
le ,e8 , it represents a renormalization of the harmonic-
oscillator frequency due to the presence of the laser fields,
and here it vanishes since there is no occupation of the ex-
cited state at steady state. The second term in Eq. ~19! de-
scribes the diffusion arising from spontaneous emission into
other mechanical states @21#. Again, since at steady state
there is no excited-state occupation, it vanishes. Thus, the
disappearance of P˜ 0L˜ 2P˜ 0 is due to quantum interference at
zero order in the Lamb-Dicke expansion.2-4
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duced matrix m is diagonal, and the equation for a matrix
element has the form
d
dt ^ceumuce&5(e8
Ce ,e8S~ve ,e8!
3@2^ceumuce&1^ce8umuce8&#1H.c.,
~25!
where the coefficient S(ve ,e8) is the value of the fluctuation
spectrum of the operator V1 at the frequency ve ,e85(e
2e8)/\ , and reads
S~ve ,e8!5
1
\2
E
0
‘
dt Trint$V1exp~L0t!V1rSt%e i(e2e8)t/\. ~26!
The coefficient Ce ,e85u^ceuxuce8&u
2 weights the coupling
between the center-of-mass states uce& and uce8& due to the
photon momentum at second order in the Lamb-Dicke ex-
pansion. The equations necessary for the derivation of the
explicit form of Eq. ~26! are reported in the Appendix. Equa-
tion ~26! shows that the rate for the transition uce&→uce8& is
given by the value of the excitation spectrum for a probe,
whose interaction with the atomic transition is described by
V1 and which is detuned from the pump by ve ,e8 ~sideband
transition!. Here, the form of the potential enters explicitly
through the coefficients Ce ,e8 , and implicitly through the
assumptions on the spectrum that have lead to Eq. ~25!.
B. Harmonic oscillator
We now let the potential be harmonic at frequency n ,
U(x)5 12 mn2x2, and introduce the annihilation and creation
operators a and a† of a quantum of vibrational energy \n ,
such that x5x0(a†1a), p5ip0(a†2a), with x05A\/2mn
and p05A\mn/2. The center-of-mass Hamiltonian reads
Hmec5\n~a†a1
1
2 !. ~27!
Now, uce&5un& and e5\n(n11/2), where n50,1, . . . is
the number of phonon excitations, and the mechanical ener-
gies are equidistantly spaced by \n . The coefficients Cn ,n8
5x0
2@ndn8,n211(n11)dn8,n11# , and thus at first order in
the Lamb-Dicke expansion the relevant transitions between
motional states are the blue sideband un&→un11& at fre-
quency vL2n , and the red sideband un&→un21& at fre-
quency vL1n . We define the Lamb-Dicke parameter h j
5k jx0, which fulfills the relation z1,25h1,2A2^n&11, with
^n& being the average number of phonon excitations.
For the harmonic oscillator, the equations derived in the
preceding section simplify notably: Equation ~24! gets the
form
d
dt m5x0
2S~n!@2a†am1ama†#
1x0
2S~2n!@2aa†m1a†ma#1H.c., ~28!03340and for the probability mn ,n5^numun& of the system to be in
the number state un& , Eq. ~28! turns to a rate equation, whose
form is well known in laser cooling of single ions @23#,
d
dt mn ,n5h
2@~n11 !~A2mn11,n112A1mn ,n!
1n~A2mn ,n2A1mn21,n21!# . ~29!
In our case of a three-level atom, h5h1 cos f12h2 cos f2,
and
A652Re@S~7n!#
5
1
4 S V1V2V D
2 gn2
@V2/42n~n6D!#21g2n2/4
. ~30!
Equation ~29! has the same structure as the rate equation
derived for sideband cooling in a two-level system. Here,
however, the rates A6 describe the sideband excitation in-
cluding the effect of quantum interference between the
atomic transitions. Equation ~29! allows for a steady state
when A2.A1 , which is fulfilled when D,0 ~blue detun-
ing! and V.2n , or when D.0 ~red detuning! and V
,2n . The value of the trap frequency n¯5V/2 separates two
regimes: for n,V/2 it is the narrow resonance that deter-
mines relevantly the center-of-mass dynamics, whereas for
n.V/2 the sideband transitions are at the frequency range of
the broad resonance @22#. We remark that h50 for
k1cos f15k2 cos f2, corresponding to the Doppler-free situa-
tion. Furthermore, the Lamb-Dicke parameter entering into
the dynamics is the one determined by the laser wave vector.
The Lamb-Dicke parameter connected to spontaneous emis-
sion events ~i.e., recoils because of emission into other states
of the motion! does not appear, since the diffusion term van-
ishes at second order in the Lamb-Dicke expansion.
In the following we assume k1cos f1Þk2 cos f2 and D
,0, V.2n (A2.A1). Some insight into the dynamics can
be gained from the equation for the average number of pho-
non ^n(t)&5(n50‘ nmn ,n(t), which is derived from Eq. ~29!
and has the form @23#
d
dt ^n&52W^n&1h
2A1 , ~31!
where W5h2(A22A1) is the cooling rate. The steady state
value ^n&‘ reads
^n&‘5
4@V2/42n~n2D!#21g2n2
4nuDu~V224n2!
, ~32!
and is minimum when V254n(n2D). This relation corre-
sponds to setting the ac Stark shift dv1 of the narrow reso-
nance uC1& at the frequency of the first red sideband, dv1
5D2n . For this value, ^n&‘
(min)5(g/4uDu)2: Hence, low
temperatures are achieved for lasers far detuned from atomic
resonance. This corresponds to an enhanced asymmetry of
the excitation spectrum, as that shown in Fig. 2, where the
two resonances have very different widths.2-5
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tion of h0. Dashed line, rate equation result; s,
numerical simulation, 500 trajectories with the
quantum Monte Carlo method. Here, h1 cos f1
5h2 cos f25h0 (h52h0), n52 MHz, g
520 MHz, V15V2517 MHz, D570 MHz,
g1 /g251. In ~a! the result of the simulation in
agreement with the rate equation prediction (^n&
50.005) is indicated by the arrow. In ~b! the rate
W is in units of g/2.For dv15D2n the cooling rate scales as
Wmax;h2~V1V2 /V!2/g . ~33!
Thus, fast cooling is achieved for large Rabi frequencies and
when V15V2. The ultimate limit to W is set by the param-
eters that ensure the validity of the perturbative treatment
applied here: This is valid for h jV j cos u!g1 ( j51,2), with
g1;g cos
2u being the linewidth of the narrow resonance,
corresponding in the bare atom to the situation where the
probe ~the sideband! does not saturate the transition to uC1&.
At dv15D2n , one has g1;ng/4AD21V2, which sets
the fastest rate at which efficient laser cooling can occur,
Wmax;g1/2.
It is remarkable that these results do not depend on the
branching ratio g1 /g2. In fact, in this limit the branching
ratio enters the problem only through T0. Nevertheless, a too
large branching ratio affects the time scale T0 at which the
transient steady state is reached.
In Fig. 3 we test the validity of the adiabatic elimination
procedure for various values of the Lamb-Dicke parameter,
by comparing the results predicted by Eq. ~31! with a full
numerical simulation. The parameters are reported in the
caption. Full agreement between the two results is found for
h50.02 (h1 cos f152h2 cos f250.01). It should be men-
tioned that in Ref. @6# full agreement has been found for h as
large as 0.2. On the other hand, those results have been
evaluated for the case V1!V2, and the small value of V1
ensured the validity of the perturbative expansion.
IV. DISCUSSION
We have shown that, by properly choosing the lasers pa-
rameters, one can achieve almost unity ground-state occupa-
tion with this cooling method ~EIT cooling!. The state
ucD&u0& is equivalent to the ground state in sideband cooling,
since it is only off-resonantly ~weakly! coupled to other
states, and it satisfies the criteria of an approximate dark state
as discussed in Ref. @15#.
From Eq. ~30! one recovers the rates of Eq. ~4! in Ref. @6#
in the limit V1!V2. We have shown that the same dynamics
are encountered in more general situations, which do not
impose a specific relation between the two Rabi frequencies.
From the technical point of view, EIT cooling proves again
to be more advantageous than Raman sideband cooling ~see
Refs. @6,9#!. Such an advantage is mainly twofold. On one
hand, in EIT cooling both lasers cool the atom, and a decay
into one or the other channel does not affect the efficiency of03340the process, while in Raman sideband cooling a finite
branching ratio gives rise to heating @24#. Another important
feature of EIT cooling is the disappearance of the carrier
absorption due to quantum interference. This effect implies
the suppression of diffusive processes: Since in the coarse-
grained evolution the excited state is effectively empty, pro-
cesses, where the atom is scattered into other motional states
by spontaneous emission, disappear at second order in the
Lamb-Dicke expansion. This implies an improved efficiency
with respect to Raman-sideband cooling, where instead such
processes are present, as already discussed in Ref. @6#.
It is instructive to compare the dynamics in EIT cooling
with the dynamics of a trapped ion at the node of a standing
wave, as studied, for example, in Ref. @21#. At the node of a
standing wave the carrier absorption cancels, since here the
value of the electric field is zero. Nevertheless, sideband ab-
sorption occurs because of the finite size of the motional
wave packet. In the case of a L configuration driven by two
traveling waves at two-photon resonance, the transient dark
state ~15! is a superposition of the states ug1& and ug2& whose
relative phase is a function of the coordinate x, so that the
finite size of the wave packet allows sideband absorption
also in this case. Nevertheless, in the LDR the gradient of the
phase over the wave packet is small, and the sideband tran-
sitions are excited on a longer time scale. This can be illus-
trated when writing the atom-laser interaction ~13! at the first
order in the Lamb-Dicke expansion and in the form
V˜ ’\
V
2 @ ue&^CCu1iue&^CDukx1H.c.# , ~34!
where we have made the simplifying assumptions V15V2
5V/A2, k1 cos f152k2 cos f25k. Here, we see that the
dark state is coupled to the excited state at first order in the
Lamb-Dicke expansion, for effects arising from the finite
size of the motional wave packet.
The atom dynamics during the coarse-grained evolution
can be interpreted in terms of field gradients over the size of
the wave packet, which give rise to forces @25#. In this re-
spect, one can say that this method uses the phase gradient of
the dark state, due to the spatial gradient of the total field, for
achieving cooling. In this context, we remark that the opera-
tor V1 in Eq. ~26! is the gradient of potential ~13! at x50,
i.e., at the center of trap.
Finally, we apply the results obtained for the harmonic
oscillator to the case of a generic potential U(x). Several
conclusions drawn in this section are applicable to the case2-6
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a discrete spectrum, and the minimum distance between two
neighboring energy levels is sufficiently large to allow for
nondegenerate perturbation theory. Laser cooling is here
achieved for the same parameters as for the harmonic oscil-
lator. However, the narrow resonance enhances transitions in
a finite range of frequencies (,n¯ ), and dv1 must be prop-
erly tuned, e.g., to the average value of the red sideband
transitions frequencies. The process will thus be efficient un-
der the condition that, for each motional state, there is a
sufficient number of red sidebands inside this range, so that
the rate of cooling for a given motional state is larger than
the rate of heating.
An interesting question is how the dynamics are affected
when the external potential depends on the electronic state,
and thus when
U~x !5U1~x !ug1&^g1u1Ue~x !ue&^eu1U2~x !ug2&^g2u.
We consider first the case U1(x)5U2(x), while Ue(x) is,
say, constant, so that the center of mass of the excited atom is
not spatially confined and the spectrum of Hmec at the state
ue& is a continuum. Assuming that for U1 , U2 the Lamb-
Dicke regime holds, then at two-photon resonance and dur-
ing the transient dynamics the atom is optically pumped into
the ~transient! dark state ~1!. However, during T0 the center-
of-mass wave packet changes, since each eigenstate of
U1(x) (U2(x)) may have a nonzero overlap with several
eigenstates of Ue(x). This effect constitutes a diffusion
mechanism that lowers the cooling efficiency and, outside of
some regimes, can make it even impossible. Formally, for
UeÞU1 ,U2, the formalism applied in this section is not ap-
plicable, since one cannot separate the time scales character-
izing the evolution of the internal and external degrees of
freedom.
In the general case of three different confining potentials
the presence of a dark state cannot be excluded: this however
depends on the specific form of the functions U j(x).
V. CONCLUSIONS AND OUTLOOK
We have presented a systematic investigation of the
center-of-mass dynamics of a trapped ion, the internal tran-
sitions of which are driven by lasers in a L-type configura-
tion and set at two-photon resonance. Assuming that the
center-of-mass wave packet is well localized over the laser
wavelength ~the Lamb-Dicke regime!, we have adiabatically
eliminated the internal degrees of freedom from the equation
of the center-of-mass dynamics, and obtained a set of rate
equations for the occupation of the motional states. We have
identified the parameter regimes where efficient ground-state
cooling can be achieved. The derivation here presented pro-
vides the theoretical background for the equations in Refs.
@6,8,9# and extends the parameter regime to cases that have
not been previously considered. As also discussed in Ref.
@6#, we have shown that diffusive processes, encountered in
cooling with two-level atoms or with effective two-level sys-
tems ~Raman sideband cooling!, are suppressed because of
quantum interference between the dipole transitions at zero03340order in the Lamb-Dicke expansion. Cooling takes place be-
cause of excitations due to the spatial gradient of the electric
field over the width of the motional wave packet, which are
due to the finite size of the wave packet itself and occur at
first order in the Lamb-Dicke expansion. The motion can be
said to be cooled by both lasers, while the branching ratio
does not affect, in general, the efficiency of the process.
Finally, we have discussed the possibility to observe these
dynamics for other types of potentials, which may depend on
the electronic state.
This work opens interesting prospects in the manipulation
of the quantum center-of-mass motion of atoms by using
quantum interference in driven multilevel transitions, which
is subject of on-going investigations.
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APPENDIX: CALCULATION OF Sn
The term S(n) in Eq. ~26! is the Laplace transform at in
of the correlation function G(t), defined as G(t)
5Trint$V1(t)V1(0)rSt%, where V1(t)5V1exp(L0t). This is
evaluated applying the quantum regression theorem @16,26#.
In the following, we derive the equations that are essential
for this calculation. For convenience, we introduce the
vector-operator sˆ whose components are defined as sˆ 1
5ug1&^g1u, sˆ 25ug2&^g2u, sˆ 35ug1&^eu, sˆ 45ue&^g1u, sˆ 5
5ug2&^eu, sˆ 65ue&^g2u, sˆ 75ug2&^g1u, sˆ 85ug1&^g2u. The
mean value ^sˆ j&5Tr$sˆ jr% obeys the equations d^sˆ j&/dt
5M ^sˆ j&1B , where M, B are a matrix and a column vector,
respectively, and are defined through the equations
(j51
8
M 1,j^sˆ j&52g1~^sˆ 1&1^sˆ 2&!2i
V1
2 ~^s
ˆ 3&2^sˆ 4&!,
(j51
8
M 2,j^sˆ j&52g2~^sˆ 1&1^sˆ 2&!2i
V2
2 ~^s
ˆ 5&2^sˆ 6&!,
(j51
8
M 3,j^sˆ j&52i
V1
2 ~2^s
ˆ 1&1^sˆ 2&!2S g2 1iD D ^sˆ 3&
2i
V2
2 ^s
ˆ 8&,2-7
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M 4,j^sˆ j&5i
V1
2 ~2^s
ˆ 1&1^sˆ 2&!2S g2 2iD D ^sˆ 4&
1i
V2
2 ^s
ˆ 7&,
(j51
8
M 5,j^sˆ j&52i
V2
2 ~^s
ˆ 1&12^sˆ 2&!2S g2 1iD D ^sˆ 5&
2i
V1
2 ^s
ˆ 7& ,
(j51
8
M 6,j^sˆ j&5i
V2
2 ~^s
ˆ 1&12^sˆ 2&!2S g2 2iD D ^sˆ 6&
1i
V1
2 ^s
ˆ 8&,
(j51
8
M 7,j^sˆ j&51i
V2
2 ^s
ˆ 4&2i
V1
2 ^s
ˆ 5& ,03340(j51
8
M 8,j^sˆ j&52i
V2
2 ^s
ˆ 3&1i
V1
2 ^s
ˆ 6&,
and
B j5g1d j ,11g2d j ,21i
V1
2 ~d j ,32d j ,4!1i
V2
2 ~d j ,52d j ,6!,
with j51, . . . ,8 and d j ,k the Kronecker-delta. According to
this definition, the steady-state vector is now sSt5M 21B .
Using this notation, we rewrite the operator V1 in Eq. ~20! as
V15a1(sˆ 42sˆ 3)1a2(sˆ 62sˆ 5), with a j5i\k j cos fjVj/2,
j51,2. The Laplace transform S(n) is then the sum of the
Laplace transforms s j(n) of the individual terms g j(t)
5Tr$sˆ j(t)V1(0)sSt%, such that S(n)5a1@s4(n)2s3(n)#
1a2@s6(n)2s5(n)# , where s j(n) are given by the equations
s j~n!5(
k
L jkS Tr$skV1~0 !rSt%1 1in BkTr$V1~0 !rSt% D ,
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